Knowledge of the distribution of the aspect ratios (ARs) in a chemically-synthesized colloidal solution of Gold nano Rods (GnRs) is an important measure in determining the quality of synthesis, and consequently the performance of the GnRs generated for various applications. in this work, an algorithm has been developed based on the Bellman principle of optimality to readily determine the AR distribution of synthesized GNRs in colloidal solutions. This is achieved by theoretically fitting the longitudinal plasmon resonance of GnRs obtained by UV-visible spectroscopy. the AR distribution obtained from the use of the algorithm developed have shown good agreement with those theoretically generated one as well as with the previously reported results. After bench-marking, the algorithm has been applied to determine the mean and standard deviation of the AR distribution of two GnRs solutions synthesized and examined in this work. the comparison with experimentally derived results from the use of expensive transmission electron Microscopic images and Dynamic Light Scattering technique shows that the algorithm developed offers a fast and thus potentially cost-effective solution to determine the quality of the synthesized GNRs specifically needed for many potential applications for the advanced sensor systems.
TEM images is an onerous process and most importantly, TEM devices are not readily accessible to all research groups. In recent years, use of Dynamic Light Scattering (DLS) techniques have been introduced to determine the size distribution of nanoparticles but this approach is limited to spherical particles and it cannot be used for anisotropic particles, such as GNRs.
In previous work, Eustis & Sayed 22 have demonstrated that Mie-Gans theory could be used to determine the distribution of ARs in a given solution, by theoretically fitting the inhomogeneously-broadened LR absorption spectrum obtained using UV-Visible spectrometer. However, the fitting technique used was manual and therefore very cumbersome. Further, all the fittings employed were based on the assumption that the solvent used was pure deionized water and therefore the effect of contamination or impurities in the solvent were ignored. In this work, these important drawbacks are addressed by developing an algorithm based on the Bellman Principle of Optimality, to automate the curve-fitting process. The effect of the external medium was considered by taking into account the dielectric constant, m  , of the solvent, while the fitting process was undertaken.
Background theory and Algorithm formulation
According to the modified Gans Model 23 , the absorption coefficient (γ) of the GNRs in the colloidal solution considered is given by Eq. 1. 
In the above equations, P A , P B and P C are dependent on the shape of the GNRs as they also depend on the variable, e, which in turn is an inverse function of the AR, i.e. the ratio of the length (L) to width (W) . N is number of GNRs per unit volume, V is the volume per particle, λ is the wavelength, m  is the dielectric constant of the surrounding medium and  1 and 2  represent respectively the real and imaginary parts of the permittivity for the gold used. In this work, the permittivity of the gold used was calculated by interpolating the data given by Johnson & Cristy 24 . Using an approach that is similar to that seen in the previous work, as reported by Eustis & Sayed. in 22 , V is considered as a constant, as, the average volume of the GNRs remains constant across the ARs in most of the seed synthesis methods. Figure 1(a,b) show the modelled dependence of the AR and  m respectively on the LR, obtained by using Eq. 1 for arbitrary chosen value of  m and AR. In Fig. 1(a) , while studying the effect of AR, m  was kept constant at 1.77. Similarly, in Fig. 1(b) , the effect of m  was observed for a fixed value of AR = 2.5. It can be seen from both figures that, with the increase in the AR and m  , LR shows a significant red wavelength shift.
Increasing AR Increasing ε m (a) (b) The first step in automating the theoretical fitting to the experimentally obtained value of LR is to rearrange and thus represent the absorption coefficient seen in Eq. 1, as the product of two variables, as shown in Eq. 5. The first variable ( λ A AR ), contains all the size and frequency dependent terms (as shown in Eq. 6), whereas the second variable (N AR ) is the number of particles per unit volume of a given AR.
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where, In the self-normalized absorption spectrum of a poly-disperse colloidal solution, the value of N AR varies from 0 and 1, thus indicating the contribution of GNRs of a particular AR in the total absorption. The N AR equal to 0 shows that the solution is devoid of GNRs of a given AR, whereas N AR equal to 1 indicates the mono-dispersed GNRs solution. Therefore, for a poly-dispersed colloidal solution having "n" varieties of ARs, the resultant absorption, at a given wavelength, say ( x λ ), is the cumulative effect of the contribution of the individual ARs. Mathematically, this can be represented as shown by Eq. 7: Spanning λ x over the entire LR wavelength range i.e. ≥615 nm, in m steps will constitute an over-determined set of linear equations (with n variables, m equations; where ≤ n m). This set of over-determined equations in the matrix notation can then be expressed as: 
, being over-determined in nature, cannot be solved to find the exact values of N . Nevertheless, the value closest to the solution, represented by N * , can be found by using a Least Squares Approximation (LSA), employing Eq. 9, where (A ′ ) and (A 1 − ) represent respectively the transpose and inverse of the matrix A 25 .
However, the LSA may result in non-physical values of N * , such as negative values and/or those greater than unity. Therefore their optimal physical values i.e. those lying between 0 and 1, are found using Bellman's dynamic programming Principle of Optimality (BPO) 26 . Using BPO, whatever the value of a given element of N , say N , the value that yields the least fitting error will be the optimal value. Mathematically, to find the optimal value of N AR 1 lying between 0 and 1, it is varied between 0 to 1, using a step size of 0.001. For each step value, N AR 1 is multiplied by the first row of A in Eq. 8 and shifted to the right-hand side, represented by A red (1) in Eq. 10. This operation modifies Eq. 8 to give Eq. 11, where A T (1) , N T (1) and A red (1) are the truncated versions of A, N and A exp respectively. www.nature.com/scientificreports www.nature.com/scientificreports/ In shorthand notation, the truncated matrices of Eq. 11 can be written as,
The closest unconstrained optimal values of N * T using the LSA, the corresponding Error (Er) and Summed Square Error (SSE) are found using the following set of equations:
= − . (2) , N T (2) , A red (2) respectively, as shown in Eq. 17. 
Er Er
The unconstrained value of N T (2) using the LSA, Er and the SSE corresponding to each step is found following the steps taken and shown in Eqs 13-15 and the resultant value that then gives a minimum value of the SSE is selected as the optimal value of N www.nature.com/scientificreports www.nature.com/scientificreports/ the LR region. Further, a picture of the actual synthesized colloidal solution is shown in the inset. The black color of the solution indicates the presence of a low number of GNPs. Figure 2(b) shows the distribution of the ARs obtained by measuring GNRs from TEM images and those obtained from the use of algorithm whereas, Fig. 2(c) shows the corresponding TEM images used for the ARs measurements. It can be seen in Fig. 2(b) that, the algorithm used correctly predicted the most probable AR, the value of which is 3. However, the overall AR distribution obtained from the TEM images is shifted towards lower ARs and consequently, the mean value of the distribution obtained by the use of TEM is lower than that of the obtained from developed algorithm ( TEM µ = 2.9;
. This mismatch is due to the inability of the TEM to examine the macroscopic volume in comparison to using longitudinal plasmon resonance of UV-Vis spectrum, which is very much sensitive to the macroscopic ARs distribution seen in the colloidal solution. To corroborate the above claim, the UV-Vis spectrum was reconstructed by substituting the contribution obtained from TEM measurement in Eq. 8, matching it with the www.nature.com/scientificreports www.nature.com/scientificreports/ experimentally-obtained UV-Vis spectrum. As shown in Fig. 3(a) , UV-Vis spectrum retrieved using the TEM measurements deviates significantly from the experimental UV-Vis spectrum (SSE TEM = 17.4839 is much larger than the value obtained from the algorithm SSE algorithm = 0.0012). The inability to obtain a statistically accurate AR distribution from the TEM measurement was also reported by Eustis & Sayed 22 for 5 different samples, showing longitudinal resonance around 630 nm, 700 nm, 850 nm, 900 nm & 1000 nm. In this work, these UV-Vis spectra have been reconstructed after extracting data using a Webplot digitizer 28 , followed by the use of the algorithm developed to calculate the AR distribution. (As shown in the Supplementary Fig. 1 , there is good agreement between the AR distributions obtained by Eustis & Sayed 22 and that of this work. This further validate the reliability of the developed algorithm).
It is important to note that due to the growth kinematics of seed-based synthesis, an AR cannot have a limitless combination of length and width, because of the same average volume of GNRs for a given colloidal solution 4, 22 . Therefore, any increase in the AR is caused by an increase in length and a correlated decrease in the width, as can be seen from the TEM measurements of the GNRs described in Fig. 3(b) .
comparison with DLS measurement. The size distribution of the chemically synthesized sample obtained from DLS measurement is shown in Fig. 4(a) . It can be seen from the graph that the DLS measurement reports two peaks centered around 2.544 nm and 69.94 nm. The first peak can be attributed to seed GNPs which could not grow due to insufficient amount of gold in the growth solution, whereas second peak accounts for fully developed GNRs and GNPs. Since, DLS gives the size distribution with respect to the hydrodynamic radius, i.e. the radius of an equivalent sphere having same diffusion coefficient, it is difficult to obtained the AR distribution from the graph shown, especially when spherical and cubic gold impurities are present in the colloidal solution. For example, few spherical GNPs impurities can be seen in right-hand TEM image, shown in Fig. 2(c) . The inability of DLS to distinguish shape makes it unsuitable to measure the AR distribution. In contrast to the DLS measurement, the algorithm developed here is unaffected by the presence of large spherical GNPs impurities, because they do not exhibit a LR.
The algorithm developed was further benchmarked with the results of a numerical technique, as described in the next subsection, to circumvent the limitations discussed above and associated with the TEM and DLS measurements.
theoretical bench-marking of the Algorithm. For the effective theoretical bench-marking of the algorithm developed, the absorption spectrum, resembling that of a chemically synthesized poly-dispersed colloidal solution, was generated numerically from the combination of 11 GNRs samples having AR values ranging between 3 and 4 (with a regular interval of 0.1), using Eq. 8. In Eq. 8, N was randomly generated by the use of an in-built random function generator on MATLAB 27 and A was generated from Eq. 6 over the wavelength range from 400 to 900 nm, with a step size of 1 nm, at m  = 2.1. The spectrum generated was input to the algorithm developed to retrieve the value of  m and the corresponding (bounded) values of N . Further, to validate the point mentioned in the previous section i.e. solving the over-determined set of linear equations without any constrain may result in non-physical values, the LSA technique was used to obtained the unbounded values of N . Both the unbounded and bounded values of N were cross-compared with the known input (randomly generated) values of N to determine the accuracy of the methods used. Figure 4(b) shows the generated and retrieved absorption spectra. It can be seen from this that all three spectra i.e. the generated spectrum and the spectra obtained using the developed algorithm and LSA match very closely at m  = 2.12. The value of  m = 2.12 was obtained by analyzing the variation of the values of the SSE with www.nature.com/scientificreports www.nature.com/scientificreports/ respect to  m , as shown in Fig. 5(a) . The minimum SSE value was obtained at m  = 2.12 (and this is shown in the inset). It matches very well with the value of m  = 2.1 used for generating the input spectrum. Table 1 . However, if the contributions obtained from the LSE is considered (shown by black stars in the main and the zoomed figure), it gives a negatives contribution for some values of the AR, as indicated by brown arrows in Fig. 5(b) . Moreover, as given in Table 1 , the SSE obtained from the Fitted Bound is much lower than the SSE obtained from Fitted Unbound situation (SSE bound = 1.833; SSE unbound = 7.59).This result shows that the algorithm which has been developed is capable of correctly retrieving the contribution from the UV-Vis absorption spectrum of the poly-dispersed colloidal solution.
Application on additional synthesized samples. After benchmarking, the bounded technique was used to determine the AR distributions in two further chemically-synthesized samples. Figure 6(a) shows the LR fitting used in the case of a sample having well-separated LR and TR peaks. As can be seen from the figure, in the LR regime i.e. where the wavelength is ≥615 nm, the fitted curve matches closely the experimentally-obtained absorption spectrum (SSE = 0.0086). Since, only the LR is used to obtain the contribution (as a percentage) of the individual ARs, extending the fitted spectrum to the TR spectral region (which is less than the wavelength of 615 nm) will give the ideal spectrum, i.e. the spectrum obtained in the absence of the GNPs (1 ≤ AR < 2). Therefore, the mismatch in the TR regime between the fitted and the experimental curves can be used to visualize quantitatively the magnitude of the GNPs present in the colloidal solution, as shown as the dotted region in Fig. 6(a) . This can be described as, in the absence of any GNPs, the experimental and the fitted curves would be matched closely Fig. 6(a) , it can be concluded that a significant number of GNPs are present in the solution. Figure 6 (b) shows the contribution (again as a percentage) of the AR present, where the calculated mean (µ) AR of the solution is 4, with a standard deviation (σ) of 0.8. Figure 7 (a) shows the quality of the curve fitting in the case of a solution where the TR and the LR cannot readily be distinguished. It can be seen that for a wavelength ≥615 nm, the theoretical curve fits well to the experimentally obtained spectrum. The mismatch between the fitted and the experimental curves around the TR, as illustrated by the dotted section on the graph, shows the presence of the large amount of GNPs. Figure 7(b) shows the AR contributions and, as expected, by comparison to an analysis of the previous colloidal solution, this solution has an abundance of less elongated GNRs (µ = 2.8; σ = 0.4) and the amount of GNRs seen with an AR value greater than 4.2 is almost zero.
conclusion
The research carried out has shown that the algorithm developed in this paper using Bellman's dynamic technique is an effective approach for the rapid determination of the AR distribution of a synthesized GNRs colloidal solution by theoretically fitting the LR regime of the absorption spectrum. The developed algorithm, after numerical and experimental benchmarking, was applied additionally to two in-house synthesized solutions to determine the mean and standard deviations of the ARs. This technique has been shown to give both a cost-effective and rapid way to determine the quality of the synthesized solution as it avoids the need for more expensive TEM analysis of all of the samples synthesized . 
